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With the use o f the Rayleigh series in cylindricalJunctions fo r  the longitudinal components o f the elec­
tromagnetic field and the Green’s theorem, an algebraic formulation o f  the problem ofcalculating the modes 
o f three-dimensional open dielectric waveguides o f complex cross-section is obtained. The effectiveness o f 
the approach is demonstrated by examples o f  calculating dielectric waveguides with elliptical cross-sec­
tions. The illustrations o f the internal convergence o f  the method are given, and the obtained dispersion 
characteristics o f the modes are compared with the data o f other less general numerical approaches.

Keywords: dielectric waveguide of complex cross-section, Rayleigh series, Green’s theorem, 
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Introduction
At present, open dielectric waveguides are widely used in optical communication 

and information systems [1]. However, the modes of such waveguides can be rigorously 
calculated only in the simplest cases of planar structures and structures with circular 
symmetry [2-4], This stimulates the development of numerical methods for calculating 
the mode characteristics of open waveguides.

Of main interest are vector methods that allow a consistently refined solution of the 
waveguide problem to be obtained. Currently there are three groups of such methods [5-9].

The first group includes variational methods [3; 6; 9], Strictly speaking, they are ap­
plicable only to the calculation of the guided modes of waveguides, since the variational 
principle requires square-integrable mode fields in the plane orthogonal to the waveguide 
axis. Variational methods are subdivided into approximate analytical ones having closed 
formulation [3] and more accurate numerical methods [6; 9]. In numerical methods to 
overcome the above limitation, perfectly matched layers (PMLs) are used that complete­
ly absorb the incident radiation, simulating an open space [5; 6]. However, in the case 
of open three-dimensional waveguides, this approach introduces uncontrollable errors, 
since only flat PMLs can completely absorb the radiation. Nevertheless, the variational 
method known as the finite element method is widely used to estimate the characteristics 
of the modes of open three-dimensional waveguides [6; 9], This method is reduced to 
solving by the reduction method of infinite homogeneous algebraic systems with respect 
to the values of the components of the electromagnetic field in the interpolation nodes, 
the grid of which covers the cross section of the waveguide. Because it contains such 
uncertainties as errors of the reduction method and the use of PMLs, the boundaries of 
the applicability of such obtained estimates are not always clear.
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The second group includes finite difference schemes [5; 8], They imply a replac­
ing the differential operators in the Maxwell’s system by finite differences. Boundary 
conditions in the schemes are formulated with the use of PMLs, modeling the open 
space. As above, the waveguide problem is reduced to a solving a infinite homoge­
neous algebraic system for values of the mode field components in interpolation nodes. 
As a result, finite difference schemes have qualitative the same restrictions as the finite 
element method.

Methods of third group are methods of integral equations and Green’s function [3], 
They are determined as for guided well as for leaky modes of open dielectric waveguides 
and do not use PMLs. So these methods allow overcome one of above restrictions. But 
they also use infinite algebraic systems solved by reduction schemes.

The Green’s function method has been developed for microstructured optical fibers 
formed in a dielectric matrix by air channels of circular cross section. In this case mode 
field components are represented by rows in cylindrical functions and the standard Graph 
addition theorem for the two dimensional Green’s function is used. But if  the channels 
have more complicated cross sections this approach loses its applicability. In this case it 
is naturally to trade to use the mode electromagnetic field presentation by Rayleigh series 
in cylindrical functions. So far, such series have been used only for rectangular dielectric 
waveguides in the so-called collocation method [2], In this method the boundary condi­
tions for the electromagnetic field along the waveguide cross section are approximately 
satisfied by the method of least squares [2].

It is also necessary to note the method of separation of variables, applicable to wave­
guides of elliptic cross section [5, 10], But in this method calculations of the Mathieu 
functions and infinite matrix determinant are complex computational problems that have 
to be solved numerically, so it cannot be called analytical.

In this work a new full vectorial mode solver that combine the Green’s function 
method and a field presentation by Rayleigh series is studied. This approach has extend­
ed area of applicability. In particular, it allows modes of elliptic dielectric waveguides 
to be investigated. On the other hand, this waveguide can be investigated by other nu­
merical methods named above. Comparison of the results of various methods for modal 
characteristics of elliptical dielectric waveguides opens up opportunities to assess the 
applicability and convergence o f various computational schemes, including the new 
method indicated above.

Formulation of the Green’s function method
A cross-section of the waveguide under consideration is presented in Fig. 1. The 

waveguide is supposed to be infinite and regular in z direction. The inner and outer 
areas of the waveguide have relative permittivities £w and &s , respectively. Media in 
these areas are supposed to be non-magnetic, i. e. their magnetic permeability is equal 
to the magnetic permeability of vacuum . A mode with the time and z - dependency 
factor

expO'coZ -  ik0fiz) (1)
propagates along the waveguide. Here k0 = co / c - 2 n  / X is the wave number of vacu­
um, p is dimensionless mode propagation constant. Values of Sw, £s and p in general 
case can be complex.
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under investigation

The electromagnetic field of the mode everywhere obeys the homogeneous 
Maxwell’s equations [4]

V x H  = m e(x ,  y)£0E , (2)
V x E  = -/conH, (3)

where s (x ,y )  is a step-like function ofx  and equal to £w and £ v within and out the 
waveguide, £0 is the permittivity o f vacuum.

According to (1), the vectorial equations (2), (3) are equivalent to six scalar equations

dy
+ ifiH = io)se0Ex

•n  Z J  8 H x  IT- i$ H x — ^  = i(oss0Ey ,
dx

8H 8H .
—  -------   = zcoes nE , ,

dx dy 0 z

dE
— ^ + i$E = ,
dy

8E
i$Ex =ox

dx dy 
It follows from (4), (5), (7), (8), that

(4)

(5)

(6)

(7)

(8) 

(9)
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5£2. 
(° ££° ~dy ' 

8E
H v = - A r { k $ ^ -  + CD8£0 — ±)  ’

H  * P.8Hz* *  x  ~  2 ^  O r  ^
X 3x 
i n dH.

( 12)

(13)
X dy dx

where y 2 -  (e — P2). The substitution of (10), (11) into (9) and of (12), (13) into (6)
yields the system of two second-order differential equations with respect to Ez and H \

d2E, 82E.
dx2

d2H
dx

-̂ +

+ ~ ^ ~ r + koKlEz -  f \> 

2~ + k 20K.]Hz = f 2,

dy2 

d2H ,
dy

(14)

(15)

where k 2 =  £ -  B2s  s  ~

f l = - sen
M

co
d l 2 dH z dy:2 dH,
dx dy dy dx

+

, S(se0x ~2) dEz + a(££0X~2) dEz
dx dx dy dy

(16)

- k 2( e - e s)E2

f 2 = ~ M
co(a

d x 2 dEz d y 2 dEz 
dy dx dx dy

dx dH z dy;2 dH
(17)

- k 2( s - e s)H z.
dx dx dy dy

So, the waveguide problem is reduced to solving the system (14), (15) with respect 
to the longitudinal components of the mode electromagnetic field. Next computing the 
total mode field can be made by formulas (10) -  (13).

According to Eqs (16), (17), Eqs (14), (15) are mutually coupled on the boundary of 
the waveguide only. Within the waveguide they separate into two independent equations

d2E, 1 2 2 n „ (18)

(19)

dx2 dy 

d2H , d2H

f + k y j : z = o,

dx2 dy2 +k°K”H * ° ’
where k w = <Jsw ~ p 2 . Similarly, out the waveguide

dy 

d2H.

dx2 

d2H .
2 + kgK2sH z = 0 •

(20)

(21)
I------~ 7  dx dy

where ks =^/ ej - P  .
In the waveguide area r = J x 2 + y 2 < p(cp) (see Fig. 1) finite solutions of Eqs 

(18), (19) can be presented as series in the cylindrical functions [2]
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E* = Z  <  exp(rv<p)7v (k wk0r ) , (22)
v = -m

m
I  K  exp(/v(p)7v (k  J :0r ) , (23)

v = -m

where J v(Kŵ 0r) are the Bessel’s functions of integer orders, r  and (p are the polar
coordinates (see Fig. 1), ev , hv are unknown coefficients, m is the order of the series 
reduction. The function p(<p) describes the perimeter of the waveguide cross section 
(see Fig. 1).

Out the waveguide series analogous to (22), (23) are [2]:
m

* , =  £  <  exp(/vcp)//'2) (k sk0r ) , (24)
v = -m

m

Hz = Y j K  exp(/vcp)//^2)(Ksk0r ) , (25)
\ = — m

where e *, h* are unknown coefficients, k s = ^ e s ~ p 2 are the Hankel’s function of the

second kind and integer orders. Brunch of the radical £s — p 2 depends on the

type of the mode under investigation. If the mode is guided, then Iit^ kJ  < 0 , and if the

mode is leaky, then Re(Kt) > 0  [3].
In the literature, to solve the waveguide problem using Rayleigh’s series (22) -  (25), 

the collocation method was used [2], In it, after substituting (22) -  (25) into (10) -  (13), 
the tangential components of the electromagnetic field on the contour of the waveguide 
boundary are calculated within the limits from the sides of the waveguide area and its 
surrounding. Next, the mean-square functional of the residual of these components is 
constructed. From the requirement of the minimum of the functional, a homogeneous al­
gebraic system of dimension 4 (2m + 1) x4 (2m + 1) with respect to the values of A*, e* is 
obtained. The propagation constants p of the waveguide modes are determined from the 
condition that the determinant of this system is equal to zero. Next, the mode fields are 
calculated using formulas (10) -  (13) after expressing all amplitudes through one of them 
as a result of solving an inhomogeneous algebraic system with a matrix of rank 8m + 3.

The collocation method is applicable to the study of open waveguides with a sim­
ple cross-sectional shape. In more complex cases, for example, in the study of micro­
structured fibers, it loses its applicability. In this thesis, a more general formulation of 
a boundary value problem based on Green’s theorem is used, free from the indicated 
restrictions.

To solve the system (14), (15) the two-dimensional electrodynamics Green’s func­
tion [3]

G = K,k.R). P Q4
where R = |r ' -  r | , is used. This function obeys the equation [3]

(A' + k^K2s)G = S(r' -  r ) , (27)
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where A' =  8 /  dx' + 8  I dy' , 8 ( r ' —r )  is the two - dimensional Dirac’s delta 
function.

Let’s multiply Eq. (15) by G, Eq. (27) -  by H z and integrate the results over the 
circular area F] of radius A covering the waveguide (see Fig. 1). Then subtract them term 
by term from each other. As a result,

J  [G A 7/2 ( * ' , / )  -  H z(x ',y ')A 'G yx 'dy '  = J  f 2(x',y')Gdx'dy' -

\ H z(x ,y )  in Ft 

[0 out o f  Fl
Application to the left-hand part of Eq. (28) the Green’s theorem [11] gives

(28)

a \ [ g d 4 = \ f G W -
8G

dr r '= A

f  H z(x ,y )  in Fl 

[0 out o f  Fj
(29)

where x' = A  cos cp', y ‘' = A  sin cp', 8 / 8n means derivative by outer normal to the area 
F  boundary.

Since the function (16) differs from zero in the waveguide area F  only, by analogy 
with (29) one can obtain next formula

G ~ f ~ h 2~ ; \  dx' = J / Gdx'dy -
J  V dn on Jr.mp(<p.)+0 %

J H z(x ,y )  in F  

10 out o f  F
(30)

where d x  is the infmitizimal length of the waveguide area perimeter (see Fig. 1) and 
8  /  8n' means derivative by outer normal to the area F boundary. It should be noted that 
the integrand in the left hand part of Eq (30) should be taken in the limit

r '- > p ( c p ')  + 0 . (31)
For practical calculations it is convenient to write the left side of equation 

(2.1330) in polar coordinates r’ = yjx'2 + y '2 and cp':

■M dn'
dx' =

//= p((p')+0

■ m
+ p &

dn'
H.

8G_

^  ^ ' " = p ( 9 ,)+ 0

d  cp',

where integrands are calculated in the limit (31) and
d__

dn'
1

r , \ 2 
dp

Kd y 'J

d 1 dp  8
 ̂dr' p d<\> 5<p'

(32)

(33)

+ P

Excluding the term
\ f  Gdx'dy'
F,

from Eqs (29), (30), we come to the functional equation
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! W
+  p ' dri z dri

- a \ [ g ^ — H z— \ dip' =

The analogous analysis of Eq. (14) results in the functional equation analogous to (34):

Jr'=p(p')+0

0 in F  

0 out o f  Fv

(34)

dp  V , J G ^ _ E
+ p dri dri

2n

d(p'~
/ r'=p(<p')+0

0 in F  

0 out o f  Fx.

(35)

- a \[ G ^ - E z— \ dy ' = -

The first step towards transforming the functional equations (34), (35) into algebraic 
equations with respect to coefficients h *, er of the series (6) -  (8) is to express through 
these coefficients the functions H z , d H z /  d r i , E z , dE z /  dri  taken in the limit (31). 
Due to continuity of the electromagnetic field tangential components E z and H z , on 
the perimeter of the waveguide, for these components series (22), (23) still be valid. To 
find the derivatives

dri r'=p(<p’)+0

it is sufficient to use the conditions o f continuity o f the tangential components of the 
fields H  and E on the perimeter of the waveguide lied in the plane z=0 (see Fig. 1). Then 
using Eqs (10) -  (13), one can obtain

dri 

a O
dn ) r'=p((p')+o 

where E'z -  <Jeq / \xEz ,

J  r '= p (cp ')+ 0  w

dJ L
dri

+ P
(

'• '=p(<p')-0

K

K

dE'z
dx r '= p(cp’)

jsX
k 2.s.

i 8E 'A
(  k 2A 

1 - - ^ -
A

I  9"' J '■'=P(9')-0 K ̂ VV > I  dx J

d_
dx

1

d p

J v '

\2

dp d _d_ 
dq>'dr' Sep'

(36)

(37)

(38)

+  P

The second and final step consist in the use of the Graf’s addition theorem conse­
quences [11]

,,, ” \ H[2) (knK. r')J (kaK r) r <  r'
H (0 ’(ksk0R )=  Y  exp[v((p -  cp') H

v“  {Hl2\ k 0Ksr)Jv(k0K / )  r > r',
(39)

where r -  | r | , r -  | r ' | . According to (33), (34), (36), (38), (39), within a circular area of 
radius a < p ^ ,  where p mm is the function p(cp) minimum (see Fig.l),
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m m

Z  exp(/v9 ) J v (k0K.wr)  ]T  ( H H I ^  +HEIviie ; ) =  0 , (40)
v = - m  [ i= -m

2n
HHIV)l = |  c/<p'exp[/(p -  v)tp'] x

x{k0KsP[(Ks /  (2 k w))[(J m (^0k wp ) -  J ^ ( k 0Kwp))H l \ k 0Ksp) -  (41)

- J  {k0Kwp)(H l2_\ (£ 0K, p ) -  H™  ( * 0K ,P) ) ]  -

^ ( V + M -^f)^v2>(^0K,P)J ,(^0KwP)}, 
p^/cp Kw

2 2 7i

/ffi7vll= P (l--^ f-)J  Jcp 'exp [* (p -v )cp ']x
1Cw 0

X{^0K p[(K  ̂ /  (2K J ) [ ( J M (fc0KwP) -  ^ +1(^0Kwp ))J v(^0KiP) -  

( k 0 K WP ) ( J V- l  ( k 0 K s P )  ~  J v+ l  ( ^ 0 K .SP ) ) ]  -

-*-“ T 7(v  + M - ^ - K C ^ iPV^C^oKwP)}*
p d i p  k w

2 2 7i

/ / £ 0 V(1 = p ( l - ^ - ) J  </<p'expD(p-v)(p']x
Kw 0

(42)

Within the open area r  > A  (see Fig. 1)
m m

£  exp(ivcp)^2)( W ) E  «  ~ H H O vllh ; -H E O Vile;)  = 0 ,  (43)
v = -m  H = -m

271

= J d  <p' exp[*(p -  v)cp'] x

(44)

(45)

Obtaining Eqs (41) -  (45) the relation

^  = 0 .5 ( Z _ - Z „ ,) .  
dz

where Z v(z)  is any cylindrical function [11], was used.
Since functions exp(ivtp)/v(&0Kwr) in (40) and exp(iv(p)H(vr> (k0Ksr)  in (43) are 

linearly independent, (40) and (43) result in algebraic equations

X  { H H I^ h ;  + H E I ^ Q  = 0 (v  =  (46)
\i=—m
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K = X + HEOvv.e») ( v = ~m, m ). (47)
H = -m

An analogous analysis of functional equations (35) yields

e : = Y J (EH° , A  + EE0^e;)  (v  =  -m ,m ) , (49)
H = -m

</cp'exp[j(p-v)(p']x
Kw 0

x{lMJ M(^0Kwp) + Kwp) -

2 TC
££Y vm =  J  Jcp 'ex p [i(p -v )cp ']x

0

X{^0KjP[(Ki£w / (2KwEJ))[(JM (^0Kwp ) - y (1+1(^0Kwp ) ) i / ‘2)(^0Kjp) -  

- ^ ( W X ^ - i f e p )  -  <2(*oK,p))] -

- * - - j t (v + f e p  W ^ P ) } .
P k wesw  s

2 I nn l
EHOV|1 ^cp' exp[i(p -  v)(p'] x

£J Kw 0

><{*K(^okwP) + ̂ V L- J ^ [(-/ M ^ okwP ) - ^ +i(A:okvvP)]}J v(^ok,P)>

2n

(50)

(51)

(52)

(53)

EEOVii = J  c/(p'exp[z(p -  v)(p'] x
0

x{^oK,P[(£wK, 1 (2 k w£,))[(-/ m (^ok wP) -  ^ +i(^oKwP))-/ v(^oK,P) -

-•/ ,(^0KwP)('/ v-l(^0KSP) -  ^ v + lC ^P ))]  -

- i ^ i y  + ^ ^ ^ V v ( * 0 K,P W * 0 K»P)} •P dip Kw£j

Thus, the diffraction problem on the investigation of dielectric waveguides of complex 
cross-section by the Green’s function method is reduced to solving the homogeneous alge­
braic system (46), (48) with respect to coefficients of Rayleigh expansions (22), (23) for lon­
gitudinal components of the mode electromagnetic field within the waveguide area. Possible 
values of the mode propagation constants P are zeros of the system (46), (48) determinant. 
Finding these zeros play a key role and can be performed by the contour integration method 
[3]. Next computing the outer mode field consists in the use of expansions (24), (25) with 
direct computing of amplitudes of the cylindrical functions by formulas (47), (49). The shape 
of the cross-section of the concrete waveguide is taken into account by the function p(cp') 
entering the integral formulas for matrix elements (41), (42), (44), (45), (50) -  (53).
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To check the correctness of the developed computational scheme, let us consider the 
passage to the limit of an waveguide investigated into a round waveguide, for which there 
is an analytical solution to the waveguide problem [4], In this case p(<p) = a ~ c o n s t . 
As a result, the integrals in Eqs (41), (42), (44), (45), (50) -  (53) can be calculated ana­
lytically. The result is:

HHIyy. = (koK, a ) -  (k0Kwa)]H '2)(kaKsa) -
K h>

(k0K d )  -  H '2+> (k0Ksa)]},

HEIVI1 = 2rc8v̂ ( l  - 4 ) ^ ( ^ o K w«)H '2)(^0Ksa)
Kw

EHIvll = -2rc8V(J— (1 -  ^ ) i ^ ( k 0Kwa ) R ^ ( k 0Ksa)
£ s  K w

EEIvn = n b ^ k 0Ksa { ^ ^ [ J ^ ( k 0Kwa) -  J ^ k . K ^ U ^ i k ^ a )  -
Kw£s

where 8Vfi is the Kroneker’s delta. In this case determinant of the system (46), (48) of 
dimension 2x2 is

det = -{ - [ ^ ( k„ M )  -  ■Al+i(KvAa ) ] ^ 2)(KA a ) -
4 Kw

- J ^ k oa)VH^\{Ksk0a) -  H ^ ( K skQa)]} x

( ^ - [ • / m (k  X a ) - J ^ X a ) ] H ^ \ ^ sK a ) -  (54)
Kw « ,

- ^ ( k A « ) [ ^ ( k A « )  -  ^ K V ) ] }  -  

V ( 4 - 1)2— =o.
Kw e ,

Using the new variable y = iKs and taking into account identities [11]

H v \ - ( - \ ) ‘iyk0a] = (-1 ) ' - e x p [ ( - l ) V ^ ( y M  ,
n  2

where / = 1, 2 , one can reduce (54) to the form
s w y% a  + . k  a H (̂ k Qa ) - H % i i y k Qa) ^

zs 2kw Kwk0a)  0 2H ^ \iyk0a)

; y 2k0a Jp-i( k A « ) ~ ■ V . ( K ^ g )  [ f j. a ~ H%( i y k Qa)  _
2k w Kwk0a) lJ °a 2 H « \iyk Qa)
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that is in agreement with the classical dispersion equation for the round dielectric wave­
guide [4],

The limit transition obtained confirms validation of the approach developed. In the 
next section it to be applied to the study of modes of open dielectric waveguides of el­
liptical cross section.

Computation of open dielectric waveguides of elliptical cross section
To test the method developed in the previous section it is naturally to compare its 

results with ones of less general computational schemes for waveguides for which these 
schemes are applicable. Such waveguides include dielectric waveguides of elliptical 
cross section, which are of significant practical interest.

A cross section of an open dielectric elliptical waveguide is shown in inset to Figs 
2 and 3. Here a and b are semi-major and semi-minor axes of the ellipse. In this case

p(cp) = , ,
<Jb2 cos2 q> + a 2 sin2

dp  _  absm (2y)(b2 - a 2)

^  2 ^ b 2 cos2 (p + a2 sin2 (p j

As a result, matrix elements (41), (42), (44), (45), (50) -  (53) have to be computed 
numerically only. Corresponding calculations were performed with a Fortran computer 
program. Integrals were computed by the Simpson’s scheme. In computations of cylin­
drical functions the row

2v 2v+2 ^2v+4
Z  Z  Z

Jv(z) ~ 2v0!v! ”  2v+21!(v + 1 )!+ 2v+42!(v + 2) !_ 

if | z| < 10, or the formula
7 v(z) = 0.5[tf<1)(z) + tf<2)(z)]

if |z| > 10 [11] were used. Henkel’s functions were taken in the Poisson’s presentation 
[ 11]

(2z)v exp[/(z -  rcv/2 -  n/4)\ r exp(-zf)[f(l + rt/2)]v 

(2v — 1)!!-n/tc |  j t ( \  + it/2)

(2z)v exp[-*'(z -  n v /2  -  7t/4)] j  exp(-z?)[/(l + i t /2)]v ^  

( 2 \ - \ ) \ \ j n  ] y / t ( \ - i t /2 )

Fig.2 illustrates the dispersion o f the fundamental modes with maximal 
propagation constants of elliptic waveguides of different formats c|) = b /  a .  Here 
B = (P2 -  es) / (ew - e s) is the normalized mode propagation constant.

2

n

2
n
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Fig. 2. Dispersion curves of the fundamental 
mode of elliptic waveguides of different 

formats. Solid curves -  developed method, 
discrete points -  literature data [10]

Discrete points in Fig. 2 -  results of the work [10] obtained by the method of sepa­
ration of variables in elliptic coordinates. This separation of variables allows electromag­
netic field in the Mathieu functions to be expressed. However in this case the dispersion 
equation for p has very complex form of the infinite matrix determinant. Numerically 
finding zeros of this determinant is not an easy task, it can be accompanied by computa­
tional errors. Apparently, it is precisely these errors that explain the discrepancy between 
the solid curves and discrete points in Fig. 2. In particular, for a/b = 1 (round waveguide) 
the Green’s function method gives an exact analytical solution to the waveguide prob­
lem. Therefore, the systematic deviation of discrete points (crosses) from the solid curve 
in the upper part of the dispersion dependence for waveguide format 1 in Fig. 2 indicates 
errors in the computational scheme of work [10]. According to Fig. 2, these errors tend 
to increase with increasing the waveguide format.

High accuracy of the developed Green’s function method is obvious from Table, 
which illustrates its internal convergence.

The internal convergence of the Green’s function computational scheme in relation to
the waveguide described in Fig.2 at kQa^&v/- z s = 4.

<(> = alb m B

1

1 0.771859
3 0.771859
5 0.771859
7 0.771859
9 0.771859

2

1 0.563500
3 0.590069
5 0.590112
7 0.590111
9 0.590111
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Table ending

(j) = alb m B

2.5

1 0.464619
3 0.506356
5 0.503078
7 0.503074
9 0.503074

Another test of the effectiveness of the developed approach is shown in Fig. 3, 
where the dispersion curves of the fundamental E m  and first higher Ex2l modes of 
elliptical waveguides with formats 2 and 3 computed in the our approach and by the 
numerical finite element method [9] are compared.

jt,/>(sw-ss)0-5

Fig. 3. Dispersion curves of the fundamental 
Ex and the first higher Ex21 modes of elliptic 

waveguides of formats <t> = 2 (a) and <t> = 3 (b). Solid 
curves -  developed method, discrete points -  the 

finite element method [9]
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The mode designation E xij in Fig. 3 indicates the main component of its electric 
field and the number of maxima in the intensity distribution of the mode over the wave­
guide cross section in x (i) and y  (j) directions, respectively [3].

The results o f both approaches almost coincide within graphic errors. As the finite 
element method is well suited for guided modes o f elliptic waveguides [9], this compar­
ison again confirms high precision o f the method developed.

Conclusion
As a result o f the work performing, modem methods for calculating three-dimen­

sional open dielectric waveguides were studied using the Green’s theorem and Rayligh 
series has been developed, suitable for calculating open dielectric waveguides o f com­
plex cross-section. Details o f the method have been concretized for dielectric wave­
guides o f elliptic cross section. For these waveguides fast inner convergence o f the meth­
od has been confirmed and dispersion curves o f the fundamental and first high order 
modes have been computed and compared with known literature data. The comparison 
confirms high efficiency of the approach developed, which even turned out to be more 
accurate than the classic method o f separation o f variables.

This work was supported by the State Research Program o f the Republic o f Belarus 
1.15 “Electronics and photonic for innovation”.
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C o t c k h h  A. E., An Ying. Pfl^bl P3JIEH RJUl fllOJIEKTPHHECKHX BOJIHOBO/JOB 
CJI05KH0r0 CEHEHHU.

C ucnonb3oeaHueM pxdoa Ps.ien no yunuHdpuHecKUM (fiyHKifiuLM dm  npodonbHbix KOMnoHenm 
sjieKtnpoMazmtmHozo nonsi u meopeMbi rpuua nojiyuena a.izeopauMecKaa tpopMyjiupoem sadauu o 
pacneme Mod mpexMepubix omKpbimbix dmneKtnpimecKux eomoeodoe cmodkhozo cenemiH. 3 <p(peK- 
mueuocmb nodxoda npodeMOHcmpupoeana na npwuepax pacnema duJnexmpimecKiix eomoeodoe 
djuiunmunecKozo nonepemozo cenemix. JJanu wuiwcmpaifuu eHympemteu cxodiwocmu Memoda u 
ebinomeHO cpaeneuue nojiyneHHbix ducnepcuombix xapaKmepucmuK Mod c dannbiMU dpyzux ueuee  
ooufux HucneHHbix Memodoe.

K.iWHCBtie cjioBa: /ureneicrpHHecKHe bojihoboaw cjiomioro ceneiraa, panti Panes, TeopeMa 
TpHHa, 3JIJIHIITHqeCKHe BOJIHOBOflH.
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